[1] In this research, we investigate the large-time solution behavior of a representative bioreactive transport model under the conditions that the mixing of two required substrates occurs only in the directions transverse to groundwater flow. The transport physics is governed by the commonly used advection-dispersion equations at a steady uniform flow field. The microbial population dynamics are described by double Monod kinetics and a linear decay term. Through mathematical analyses we developed useful formulations to estimate the size of reaction zones and the level of microbial concentrations with the model parameters. The results show that microbial reaction rates are always limited by the transverse transport of the substrates at steady state, providing the substrate concentrations far away from the reaction zone are much larger than a characteristic concentration determined only by microbial kinetic parameters. Thus the reaction rates can be considered to be instantaneous. This greatly simplifies the governing equations and allows us to efficiently solve the steady state solutions for large-scale problems. The method was applied to a large-scale steady contaminant source problem, in which a dissolved contaminant was assumed to be biodegraded only at its plume fringe because of transverse mixing but not inside the plume. The results indicate that the transverse mixing at the plume fringe may successfully constrain the spread of a plume of high total organic carbon (TOC) concentrations (TOC = 500 mg/L) generated from a passive bioreactive barrier. However, the TOC reduction along the plume center line is insignificant even after the plume has traveled 10 km.
Introduction
[2] Engineered bioremediation and monitored natural attenuation have become important options for the cleanup of the widespread subsurface contamination by organic compounds. Microbial reactions can be divided into two categories, those requiring only a single substrate (e.g., fermentations), and those requiring two or more substrates. The focus of this study is on the second case. A groundwater contaminant may, depending upon the circumstances, serve as either the electron donor (ED) or the electron acceptor (EA). Because the contaminant removal occurs only when the ED, the EA, and the degrading bacteria are present simultaneously, the processes that mix the contaminants and substrates can control the contaminant removal rate [Cirpka et al., 1999b] . Because of the complex nature of subsurface environments, in situ bioremediation involves many concurrent physicochemical and biological processes. Thus, using mathematical modeling coupled with site specific information is considered to be an effective tool for understanding the interactions among the various factors involved and for identifying the rate-controlling processes [Rittmann et al., 1994] . Mathematical models that account for key processes can help to predict the environmental impact of a spill and/or to screen possible remediation technologies.
[3] In the past two decades many mathematical models have been proposed for studying the fate and transport of biologically reacting solutes in saturated soils and aquifers [Baveye and Valocchi, 1989; Kinzelbach et al., 1991; Murphy and Ginn, 2000] . Since the extent of mixing may limit the overall reaction rate, especially when the rate of biodegradation is rather fast compared to transport, understanding mixing processes may improve our ability to predict the extent of contaminant plume migration. Generally, for a steady state flow field, the mixing processes can be divided into two categories: (1) those that take place along the groundwater flow direction, including chromatographic mixing and kinetic mass transfer, and (2) hydrodynamic dispersion and diffusion in the direction transverse to the principal direction of flow [Cirpka et al., 1999b] . Coupling an understanding of the first type of mixing with biodegradation is now well advanced Valocchi, 1997, 1998 ; Cirpka and 
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[4] Conventional biofilm models used in bioremediation typically deal with the conditions that the two required substrates (ED and EA) enter into the biofilm from the same direction ( Figure 1a ). However, when two required substrates come together from different directions that are transverse to groundwater flow (Figures 1b and 1c) , the dynamics of bacterial growth is quite different. Figure 1b represents the scenario that biodegradation occurring at the contaminant plume fringe. Figure 1c represents a case where a long-term stationary substrate source (such as nonaqueous phase liquids) meets a complementary substrate (either EA or ED) that can stimulate microbial growth. Under this condition, possible bacterial growth on one substrate may be limited by the availability of the other, and as a result, the microbial reaction zone becomes more concentrated over time [Chu et al., 2003 [Chu et al., , 2004 . The metabolically active bacteria may finally be restricted in a small region unless their growth is limited by factors other than the supply of the limiting substrates, such as available pore space. Thus the reaction timescale in the microbial reaction zone is likely to be much shorter than the substrate transport timescale. However, it is not clear when this hypothesis is valid.
[5] The current conventional methodology used to simulate bioreactive transport in the saturated subsurface is to utilize the discretized form of advection-dispersion-reaction equations, which are coupled partial differential equations that are numerous and highly nonlinear. The classical modeling approach can be infeasible due to the large domain, the long periods, and fine discretizations that are required [Sun, 2002] at sites where long-term contamination sources are present and natural attenuation may be a viable option. Therefore it is important to use innovative approaches to obtain a better understanding of how biodegradation at a contaminant plume fringe influences plume migration.
[6] In this communication we investigate when the assumption of instantaneous reactions occurring at a plume fringe can be justified for the case of a steady plume emitted from a continuous contaminant source in a homogeneous steady flow field. We also explore how biodegradation at a plume fringe may affect the plume spreading and migration. Transverse diffusive and/or dispersive mixing at a plume fringe is assumed to be the only important mixing mechanisms for the contaminant and the other rate-limiting substrate. The presentation is organized in the following manner: we first describe the mathematical equations that constitute the model commonly used in bioreactive transport. Subsequently, we explore the relationships between the characteristics of microbial reaction zones and the substrate fluxes consumed by microorganisms by considering a simple one-dimensional counterdiffusion case.
[7] Next, we use the developed formulas to examine the extent of microbial reactions subject to two parallel streams of groundwater, one containing only ED and the other containing only EA, in a two-dimensional domain. Then we provide a hypothetical source zone contamination problem to illustrate the impact of transverse mixing coupled with microbial reactions on the contaminant removal rates at steady state and present a formula to estimate the plume length.
Governing Equations and Simulation Implementation
[8] Bioreactive transport simulation is usually constructed by combining a nonreactive transport model with a suitable biodegradation module. This results in an advection-dispersion-reaction (ADR) equation of the following form:
where R i and C i [mg/L (pore) ] are the retardation factor and the pore concentration for dissolved compound i, respectively. q [cm/d] is the specific discharge vector, and n is the porosity.
/d] is the dispersion tensor of compound i in the moving aqueous phase with the expression following Scheidegger parameterization [Scheidegger, 1961] as shown in equation (2), in which a l and a t [cm] are the dispersivities of the porous medium along the longitudinal 
[9] The term ÀF i Á r on the right hand side of equation (1) is the sink term due to microbial consumption of compound i. F i is the stoichiometric conversion factor and r is defined as
in which the subscripts, D and A , stand for ED and EA, respectively L (pore) ] are the ED, EA and biomass concentrations,
are the half velocity constants for electron donor, electron acceptor, and maximum specific rate of substrate utilization, respectively; X is the microbial concentration. It is noted that for this study, the reaction is assumed to be a single step process, namely, ED + EA ! products.
[10] There are more sophisticated models that simulate additional processes, such as the usage of multiple electron acceptors [Kinzelbach et al., 1991; Waddill and Widdowson, 1998 ] and/or kinetic uptake of substrates by microorganisms [Chen et al., 1992] . Nevertheless, as pointed out by Cirpka et al. [1999a Cirpka et al. [ , 1999b , because the mixing of the required substrates must occur before the reaction takes place, equation (3) is adequate to represent common microbial reactions as long as biodegradation rate is limited by insufficient mixing. It is noted that other factors, such as substrate toxic effects to microorganisms and heterogeneous distributions of key microorganisms may limit the extent of biodegradation at a plume fringe under field conditions. However, these factors were not considered in our study.
[11] The temporal change in X for the one-dimensional case is described by
] are the yield and decay coefficients, respectively.
[12] The initial and boundary conditions applied to the equations above are provided in individual sections. The numerical solutions are obtained with the partial differential equation solver (function: ''pdepe'') and the ordinary differential equation solver (function: ''ode15s'') in MATLAB (version 6.5), and the solutions are verified with a simple convergence test and with analytical solutions if available.
One-Dimensional Counterdiffusion System

Numerical Simulation
[13] Our interest in this section is to develop the relationships between the characteristics of microbial reaction zones and the diffusive ED and EA fluxes that are supplied from opposite directions and are consumed by microorganisms. Consider the following scenario: two nonretarded limiting substrates, ED and EA, diffuse into a porous tube from two tanks, respectively (Figure 2a ). There is no advection in this case, namely, q = 0. The tanks are maintained at their initial concentrations at all times and are assumed to be large enough and well mixed, so the solutes arriving from the other tank through diffusion are diluted to a negligible level. To simulate this scenario, equation (1) can be written as 
After Cirpka et al. [1999b] . b Uniform in the domain.
The simulation parameters and the boundary and initial conditions used for this problem are compiled in Table 1 . When no reaction takes place in the porous matrix (X = 0), the steady state concentration profiles of ED and EA are both straight lines (Figure 2b ). Note that the fluxes of ED and EA into the porous tube are independent of each other.
[14] If initially there is a small amount of biomass everywhere, the solute and microbial concentration profiles change over time due to the microbial reaction ( Figure 3 ). The substrate profiles approach their steady state configuration within two days; however, the profile of microbial concentration keeps evolving. This is not surprising since the growth and decay of biomass are much slower processes than is substrate consumption. Thus it can be expected that it takes much longer time for the distribution of biomass to reach a steady state. It is also noted that under field conditions, constant changes in environmental conditions may disturb the system and prevent microbial populations from reaching a steady state.
[15] The results also show that the limiting process here is substrate diffusion. By increasing the ED concentration at the left boundary, the locations where the substrates vanish move to the right hand side, indicating that the bioreactive zone shifts, depending upon the relative abundance of the substrates (Figure 4 (4) and (5) are nonlinear, so analytical solutions are difficult to find. However, the equations can be greatly simplified when C D , C A , and X all approach a steady state. Since growth is balanced by decay at the steady state, equation (4) becomes
Using equation (3), substituting equation (6) into equation (5), and letting the temporal derivatives be zero, we obtain the following simplified equations for the steady state: (Figures 3 and 4) , the following important features at the large time limit for the set of parameters in Table 1 are recognized: (1) a very compact reactive zone exists and its location is related to the substrate concentrations at the boundaries, (2) the substrate concentrations are much smaller within the reaction zone than their respective input at the boundaries, and (3) the ratio of the ED and EA fluxes entering into the domain are the same as the stoichiometric ratio F A (Figure 4 ). Since the reaction zone is very thin and the microbial concentration is high, the reaction timescale in the microbial zone is much smaller than the timescales for transporting substrates from the boundaries.
[18] To find out under what conditions transport becomes the limiting process, we start by quantifying the size of the reaction zone and the level of microbial concentration. First, we need a reference point in the reaction zone (Figures 5a and 5b ), which we find as follows. Because the ED concentration monotonically decreases from C D b to zero and the EA concentration monotonically increases from zero to C A b , we define a continuous function
, which is expected to be continuous, has a positive value (C D b ) at y = ÀL and a negative value (ÀC A b ) at y = L, there must be a point where the two substrate concentrations are equal, namely, C D (y 0 ) À C A (y 0 ) = 0. The substrate concentration at this reference point can be found by setting e = C A = C D in equation (6), assuming X 6 ¼ 0, and then solving for its roots. The solution is
Note that the value of e here is related only to the biological kinetic parameters. For common biological kinetic parameters [Rittmann and McCarty, 2001] , e is much smaller than the sum of K S and K A . For the special case of
, which is also known as C D min , the minimum ED concentration required for sustaining a nonzero microbial concentration when EA is not limiting [Rittmann and McCarty, 2001] . Similarly, when
. The values of e obtained from many numerical simulations using equations (3), (4), and (5) agree well (error < 2%) with the values obtained by equation (8).
[19] To calculate the actual size of the reaction zone, the distribution of X in equation (7) has to be known. Here we assume that X is a constant value X to facilitate the following calculation. While the distribution of X is not actually uniform (Figure 3 ), we will show later that the computed X is a good indicator of the peak microbial concentration. Now let us focus on the neighborhood of the point where substrates vanish, y 0 , which we set as the origin of the local coordinate system (see Figure 5b ). We further assume that the fluxes of ED and EA that leave the reaction zone are negligible. The distances d D and d A (see Figure 5b ) can be estimated by solving equation (7) with the following conditions:
and
where d is the characteristic size of the reaction zone.
[20] Since the flux of ED into the domain is nearly all consumed at point d D , the total microbial growth in the whole domain at the steady state should be balanced by the decay process:
in which n is the porosity. Rearranging terms other than X to the right-hand side:
Substituting X above into equation (9) yields Similarly we can obtain the relationship between X and the ED gradient by substituting equation (12) 
It is noted that when b ! 0, X approaches 1. Namely, omitting the decay process in the governing equations will lead to an infinite sink. Moreover, since there are no microorganisms at
Equations (12) and (13) reveal how microbial concentration and the characteristic size of the reaction zone may be affected by the ED and EA fluxes from opposite directions. The larger the substrate fluxes into the domain, the higher the average microbial concentration and the thinner the reaction zone.
[21] So far we have developed two formulas to describe the characteristics of the reaction zone. To test the goodness of these formulas, we compare X and d, calculated by equations (12) and (13) with the true distribution of X solved from equations (3), (4), and (5) using numerical means under different sets of boundary concentrations and F A values. Here, the peak microbial concentration (PMC) in each simulation is used to represent a corresponding microbial level in the reaction zone, and the size of the simulated reaction zone is defined by the distance between the two locations where the microbial concentrations are equal to one hundredth of the PMC. It is noted that this measure does not reflect the absolute size of the bioreactive zone, but gauges the spread of microbial biomass.
[22] Figure 6a shows the comparison between the values of d (equation (12)) and the corresponding simulation values. While the characteristic size of reaction zones are consistently underestimated by about a factor of two by equation (12), the functional relationship is captured. This result also indicates that d is a good indicator of the spread of microbial biomass. Figure 6b shows that the simulated PMC has the same functional relationship as X , but with a steeper slope. This indicates that X values, calculated by equation (13), capture the trend of the microbial level in spite the fact that the true microbial distribution is nonuniform (see Figure 5b) .
[23] The concentrations of ED and EA as they enter the reaction zone can be estimated by integrating equation (7) under the assumption of constant microbial concentration. This yields
where the superscript e denotes the concentration at the edge of the reaction zone (see Figure 5b ). This result indicates that the concentrations in the reaction zone are about the magnitude of e when the order of the magnitude of [24] There are several important timescales in this onedimensional system: the microbial reaction timescales and the substrate transport timescales. These timescales can be estimated by
Timescale Analysis
in which y is the location where substrates vanish (see Figure 5 ). t r,D and t r,A and t D and t A are the timescales of the microbial reaction and of the transport for ED and EA, respectively.
[25] To find out under what condition the transport rate is limiting, we note that the denominator in equation (12) is Figure 6 . Verification of the theoretical functional relationships (equations (12) and (13)). (a) Plot showing that the size of the reaction zones is linearly proportional to the square term of equation (12) (SQ-Eq.12); (b) plot showing microbial concentration is linearly proportional to the square term of equation (13) (SQ-Eq.13). Squares (F A = 1) and triangles (F A = 2) are theoretical predictions using equations (12) and (13). Crosses (F A = 1) and pluses (F A = 2) represent simulation results.
proportional to the amount of ED flux diffusing into the reaction zone. When the substrate mixing process is transverse to the direction of groundwater flow, the transport of substrates is mainly through diffusive-like processes. Thus substrate flux (using the ED flux as an example) can be described by a first-order mass transfer mechanism:
in which L D is the characteristic diffusive length of ED. C bulk,D and C bio,D are the concentrations far away from the reaction zone and in the microbial reaction zone, respectively.
[26] In our one-dimensional system, C bulk,D and C bio,D can be considered as the boundary concentration C D b and the maximum ED concentration in the reaction zone, which is C D e . Substituting equation (19) into the denominator of equation (12) and moving L D to the left hand side, we derive
[27] Because the term (15) and (17)), diffusive transport becomes the limiting process when the reaction timescale is much smaller than the transport timescale, namely, C D b ) C D e . Because C D e is about the same order of magnitude as e (equation (14)), which is determined only by microbial reaction kinetics parameters, the reaction rate can be assumed to be instantaneous provided that the far-field concentrations of limiting substrates are much higher than the characteristic concentration, e.
Locations Where Substrates Vanish and Biomass Accumulates
[28] When d is small in comparison with the characteristic mass transfer lengths for both substrates, we can view the reaction zone as a point and assume that the concentrations of EA and ED are zero at this point. Thus the reaction zone can be located by balancing the fluxes from the boundaries according to the stoichiometric ratio (see Figure 4) :
in which C D b and C A b are the boundary concentrations of ED and EA; y 0 is the location of the reaction zone.
[29] After rearranging terms, we find
[30] The locations calculated with equation (22) agree well with the simulations (Figure 4 ).
Remarks
[31] In the system given above, because of the nature of biological reaction kinetics (equation (3)), which require ED and EA simultaneously in order for organisms to grow, the peak of microbial concentration within the active reaction zone tends to increase over time. The microbial distribution at the large time limit will stabilize due to the balance between the growth and decay processes. By assuming a constant microbial distribution at the steady state, we derive relationships that reveal the factors affecting the microbial concentration levels and the characteristic size of reaction zones (equations (12) and (13)), including substrate diffusion coefficients, reaction stoichiometric ratio, all biological parameters, and, most of all, the substrate fluxes into the reaction zone. The larger the ED flux that enters into the domain, the smaller the characteristic size of the reaction zone, but the higher the microbial concentration. As long as the concentrations at the far field are much larger than the concentrations in the reaction zone, reaction rates can be assumed to be instantaneous (equation (20)). The location of the reaction zone can be easily predicted by balancing the fluxes from the boundaries according to the stoichiometric ratio.
Two-Dimensional Problems
[32] For a two-dimensional steady state problem with a homogeneous flow field whose streamlines are parallel to the x axis, equation (1) can be written as
[33] When the advective flux is dominant, the dispersive flux in the x direction (i.e., longitudinal dispersion) can be omitted, and the above equations is then simplified to
where D s,i here is defined as ( mixing between the two streams. At x = 0, the two streams start to contact each other. At x > 0, equation (24) governs the reaction and transport of ED and EA in the semi-infinite domain (y > 0) (Figure 7a ). The parameters, initial and boundary conditions for this problem are provided in Table 2 . It is noted that the parameters and the domain are chosen so that the solutions of C D and C A are expected to be symmetrical with respect to the x axis. Because of the symmetry, the line, on which C D = C A = at the steady state, coincides with the x axis (x > 0), and the value can be calculated from equation (8).
[35] The advection term q n @C i @x seems to make equation (24) more complicated than the previous one-dimensional example. However, for the common cases where equations (3) and (4) adequately represent the occurring microbial reactions and growth kinetics, microbial biomass tends to accumulate to a high level at the place where ED and EA are constantly mixed together. At the large time limit, the biomass can quickly consume available substrates to levels that cannot be further used downstream. This phenomenon has been addressed in the modeling work of Kindred and Celia [1989] and demonstrated experimentally by Dupin and McCarty [2000] . Therefore, within the reaction zone, the substrates that support the microbial growth are transported in directions transverse to groundwater flow. While advection does not directly transport usable substrates into the reaction zone, it can affect the substrate concentration profiles outside the reaction zone.
[36] The differences in concentrations between the reaction zone and the bulk flow result in transverse transport of solutes into the reaction zone. As suggested by equation (20), when the concentrations in the far field are much higher than those in the reaction zone, the reaction rate is limited by the transverse transport. Therefore, under such circumstances, capturing the substrate profiles outside the reaction zone is the key to correctly determine the contaminant removal rate at the fringe of two streams. A typical pair of ED and EA transverse concentration profiles is provided in Figure 7b . 4.1.1. Analytical Solution
[37] When the reaction is fast and the reaction zone is thin, we may assume that the reaction only occurs on the x axis and that the concentration thereof is . Thus the problem can be simplified to a classic diffusion problem. Now we only need to focus on the domain where x > 0 and y > 0. The corresponding solution can be either obtained by Laplace transformation or given by Crank [1975] .
where C A,0 is the EA boundary concentration at x = 0. The substrate flux diffusing through the x axis is given by
[38] The equation above can be rewritten to the form of equation (19) and the characteristic mass transfer length L A can be found:
we may define the travel time, t, equal to nx q , and substitute it into the equation above, and it yields
[39] This indicates that the growth of L A is proportional to the square root of the contact time between the adjacent ED and EA stream tubes. To examine whether the reaction rate is really limited by transverse transport, we may estimate the quantity
with equation (12). For the microbial reaction kinetics provided in Table 2 we calculate C A min (0.001 mg/L) and (0.011 mg/L), and the ratio of the two mass transfer lengths is found:
[40] Therefore the assumption of an instantaneous reaction for this case can be justified. The spatial evolution of the EA profiles, generated by equation (25), is provided in Figure 8a . Note that the size of the reaction zone is expanding because the EA flux entering into the reaction zone decreases as the EA stream gradually travels downstream (equation (26)).
Grid Size Requirement
[41] To capture the curvature of the concentration profile, the domain near and within the reaction zone needs to be discretized into sizes that are less than the characteristic mass transfer length L A (Figure 7b ) for linear numerical schemes, such as finite volume or finite difference methods. Since L A depends upon the contact history of the two streams ( Figure 8a and equation (27)), the required grid size changes over the domain. To evaluate how the grid size 
Boundary Conditions for the Analytical Solution
Boundary Conditions for the Numerical Solution
The biological parameters are the same as in Table 1 except as noted. The compound properties are the same as in Table 1. for a linear scheme may affect the flux consumption, we numerically solve equation (24) for the above problem using a central finite difference scheme with boundary and initial conditions ( Table 2 ) similar to that used in the analytical approach. Since we have shown that the microbial reaction can be assumed as an instantaneous reaction, the microbial concentration in equation (24) is set to 100 mg L (Table 2) throughout the domain to represent a fast reaction sink.
[42] Thus this two-dimensional steady state problem can be solved as a one-dimensional time-dependent diffusion problem. Discretization for such a problem is only required in the y direction, and the solver will choose an appropriate step in the x direction according to a specified error control. This method saves tremendous memory usage and computational time in comparison with the classical modeling methodology that lays out the grids in two dimensions and then simulates for a long period of time until a steady state is achieved. For this symmetrical case, this numerical approach with proper discretization produces practically the same results as the analytical solution.
[43] Figure 8b illustrates the effect of discretization on the flux entering into the reaction zone. When the domain near the x axis is discretized to 0.001 cm for À1 < y < 1 (cm) and to 0.2 cm for the rest of the domain, the simulated fluxes into the reaction zone are identical to those obtained by the analytical approach. When the domain is discretized with a uniform grid with sizes of 10, 25, 50, and 100 cm, it is clear that coarse grids cannot capture the early development of the concentration profiles. In fact, the 100 cm grid underestimates the flux consumption by 50% by the time the plume travels 100 m.
Asymmetrical Problem
[44] Parameters, boundary and initial conditions under more realistic conditions usually lead to asymmetrical problems. In the one dimensional case, we have noted that the relative abundance of ED and EA may affect the position of the reaction zone (Figure 4 ). Therefore asymmetrical effects may shift the location of the reaction zone away from the x axis. For this type of problem, analytical solutions may only exist for certain scenarios. To make the symmetrical problem above become asymmetrical, we raise the ED bulk concentration to 24 mg/L while other conditions remain the same. As shown in the above example, the microbial reaction rate can be assumed to be instantaneous when the ED and EA concentrations in the far field are much higher than the characteristic concentration . The simulation technique above is used and X is set to 100 mg/L throughout the domain.
[45] Figure 9 shows the results. The reaction zone deviates from the dividing streamline and moves toward the EA side. Note that the insets in Figure 9 show the ED and EA concentration gradients into the reaction zone in 1 to 1 ratio. In fact, changing the values of (21)). Figure 10 shows the comparison between the deviations of the reaction zone from the x axis that are calculated by the analytical results developed by Nambi et al. [2003] and by the simulation. Both results agree well.
Large-Scale Application
[46] This example demonstrates the use of the above approach in the study of natural attenuation of organic compounds subject to the transverse mixing. Tetrachloroethene (PCE) and trichloroethene (TCE) are common groundwater contaminants. Microbially mediated reductive dechlorination has been viewed as a viable technology to degrade these recalcitrant compounds. One approach to stimulate reductive dechlorination is to inject organic compounds, such as vegetable oil, to facilitate the formation of anaerobic environments and support dechlorination [Wiedemeier et al., 2001] . While PCE and TCE are degraded as contaminated groundwater passes the biological barrier, high concentrations of total organic carbon (TOC) and a low pH value are frequently observed downstream. An emerging issue regarding this bioremediation technology is ''What is the fate of the TOC plume downstream?'' [Lutes et al., 2003; Yang and McCarty, 2003 ].
[47] There are two processes that may control the TOC disappearance at the steady state. One is the methane fermentation; the other is the TOC oxidation as a result of the transverse transfer of an electron acceptor such as oxygen or nitrate from ambient groundwater. The analysis given here does not apply to the case where conditions appropriate for methanogenic decomposition of an electron donor are present, as then an external electron acceptor is not needed. The results apply only to the condition where an external electron acceptor such as oxygen is needed. One case where this is always true is when the electron donor in the groundwater is methane itself. Another case would be a polycyclic aromatic hydrocarbon such as naphthalene, for which anaerobic conversion to methane has not been found to occur. Additional cases would be where conditions necessary for methanogenesis to occur are absent. Under such circumstances, transverse transfer of ambient electron acceptors such as oxygen in groundwater is assumed to control the TOC disappearance in this application.
[48] After the barrier operates for a long time and the resulting TOC plume becomes stabilized, TOC biodegradation may only occur at the fringe of the plume, where organic compounds (ED) meet oxygen (EA). To examine this scenario, we hypothesize the following conditions (Figure 11 ), assuming that a TOC line source is at x = 0, À10(m) < y < 0 and when groundwater passes it, the TOC concentration becomes 500 mg/L and oxygen is completely exhausted. A typical chemical oxygen demand to carbon ratio is about 3. Thus we assume F A = 3. The background oxygen concentration is 8 mg/L. It is noted that the problem is symmetrical to the line y = À5m. The simulation parameters are summarized in Table 3 .
[49] Figure 12a shows the transverse concentration profiles of TOC and oxygen at different x locations. Because of the relatively high concentration of TOC, the TOC plume slowly spreads in the y direction. At the center line of the plume, the peak TOC concentration is only reduced 20 percent after the plume travels 7.5 km. Figure 12b shows the comparison between the plume (defined by the contour of 10 mg/LTOC) without any reaction and that with the reaction subject to transverse mixing. The results show that the reaction at the fringe of the plume may Biological Parameters k, mg ED /mg bio day 56
The domain parameters are the same as in Table 2 . Compound properties are the same as in Table 1. effectively restrain the transverse spread of the plume; however, the TOC reduction at the center of plume is only 24% even after the plume has traveled 10 km from its source.
[50] Contrary to our analysis the California leaking underground fuel tank historical case study revealed that hydrocarbon plume lengths seldom exceed 1100 ft [Rice et al., 1995] , significantly shorter than the length of the TOC plume in our example. The following factors likely contribute to the shortening of plume lengths: (1) fuel hydrocarbons are subject to anaerobic methane fermentation, which does not require an external electron acceptor and (2) iron and manganese oxides are widespread in geological formations and may serve as long-term supplies of EAs for hydrocarbon biodegradation within these plumes [Roden and Zachara, 1996] . Our assumptions do not apply under such conditions.
[51] To estimate the microbial level and the size of the reaction zone at various locations along the plume fringe, we first approximate D s,D @C D @x near the reaction zone with numerical differentiation. Equations (12) and (13) are then used to calculate the size of the reaction zone and the microbial concentration at various x locations. Figure 13 shows that the size of the reaction zone is a function of ffiffi ffi x p , while the microbial concentration is a function of x À1 . These correlations are the same as found for the symmetrical case (equations (27) and (29)). The reaction zone predicted by the mathematical model for this case is less than a few centimeters.
Discussion
Grid Size Effect
[52] The modeling of reactive transport in the subsurface remains a current research field. Simulation accuracy is demanded not only to produce the logical outcome from the mathematical governing equations, but also to help correctly interpret field observations and predict the fate of contaminants. However, the applicability of direct numerical simulations is limited; without carefully examining the solution behavior at the conditions of interest, one may reach erroneous conclusions through use of existing modeling techniques. A vivid example has been shown by Cirpka et al. [1999a Cirpka et al. [ , 1999b . They found that artificial mixing occurs when grid orientation does not correspond to the principal direction of groundwater flow, but streamlined oriented grids can effectively help avoid such artificial transverse mixing.
[53] Because sharp concentration gradients may result from fast reactions, it is important to know the conditions under which microbial activity may significantly alter concentration profiles. In this study, we defined a parameter, the characteristic concentration (equation (8)), which denotes the ED and EA levels in the microbial reaction zone. Use of e can also help to decide whether the microbial reaction rate can be assumed to be instantaneous at the large time limit. When the substrate concentration in the far field is of the same order of magnitude as , the timescale of microbial reaction is similar to or larger than the transverse transport timescale, and thus the reaction rates cannot be assumed to be instantaneous.
[54] In contrast, an instantaneous reaction is justified when the far field ED and EA concentrations are much higher than the value of e. Under such conditions, the early contact of the ED and EA streams (Figure 7a ) results in very steep concentration gradients (Figures 8 and 9 ). Because of computational limitations, large-scale simulations usually use coarse grids (typically over 50 cm) to model the reactive transport processes. However, when a linear interpolation scheme is used, such coarse grids cannot capture the early development of concentration profiles and can lead to underestimating the substrate fluxes to the consuming microorganisms (Figure 8b) . When modeling the source zone contamination problems [Mayer et al., 2002; Prommer et al., 2002; Schirmer et al., 2001] , sharp chemical gradients frequently arise around the source zones due to microbial degradation. Very fine grid sizes are important primarily near the source area in order to resolve this variability. Because commonly used modeling programs do not have the ability to generate locally refined grids for the region of high concentration gradients, upgrading these programs to have such ability may enable them to be more computationally efficient and more accurate for modeling source zone problems. This also applies to streamline oriented grids.
Concentration Profile Development
[55] The characteristic mass transfer length (CMTL) grows as the contact time between two streams increases (equation (28)), so the grid size requirement can be gradually relaxed. According to equation (27), the growth of CMTL is also proportional to the square root of the transverse dispersion coefficient. Recent laboratory measurements have shown that the transverse dispersivity for various homogeneous porous media is about 0.1mm to 1mm [Huang et al., 2002 [Huang et al., , 2003 Klenk and Grathwohl, 2002] . Because of such small values, the transverse dispersion caused by groundwater flow is at the same order of magnitude as molecular diffusion. The growth of CMTL is thus expected to be slow.
[56] While this study is subject to the homogeneous flow field, the growth of CMTL also suggests that the relevant scales of heterogeneity increase with the traveling distance. Cirpka et al. [1999b] suggest that the large-time limit of the transverse dispersivity, according to the Eulerian linear theory (developed by Gelhar and Axness [1983] ), can be used to estimate the degree by which the microbial reaction is subject to transverse mixing when an effective homogeneously distributed domain is assumed to represent the heterogeneous domain. Thus the approach developed here can also be utilized to estimate the extent of plume migration in a heterogeneous aquifer.
Characteristics of Microbial Reaction Zones
[57] Similar to the reactive mixing process at the fringe of the contaminant plume in groundwater, an example of counterdiffusion coupled with microbial reactions occurs in sediment environments. The oxidized chemical species from surface water (e.g., oxygen and nitrate) react with the reduced species (e.g., methane and ammonium) from the bottom of sediments due to the presence of microorganisms [Chapra, 1997] . Very low substrate concentrations have been commonly observed in microbial mats using microelectrodes [Madigan et al., 1997] . Several mathematical models have been developed to understand and quantify the sediment oxygen demand [Di Toro, 2001 ]. These models also predict, at the steady state, a thin layer of active microorganisms at the top of the sediments (about the order of millimeters) and low levels of substrates in microbial layers in comparison with the bulk concentrations. This results because microorganisms tend to consume the substrates to a level which does not promote further growth (equation (4)).
[58] With these cases in mind, the very thin reaction zone and high levels of microbial concentration (X) in the above large-scale example may not be surprising (Figure 13 ). Without fine grids it is not possible to properly simulate X, locate the reaction zones, and calculate the fluxes. It is noted that many modeling studies include a growth limitation term to inhibit microbial population over certain levels [Kildsgaard and Engesgaard, 2001; Kindred and Celia, 1989; Prommer et al., 2002; Schäfer et al., 1998; Schirmer et al., 2001; Zysset et al., 1994] . The function of this term varies among studies. It has been considered to be able to improve the performance of numerical simulations because the existence of highly reactive zones may result in undesirable negative concentrations (especially when the spatial discretization is too coarse) [Kindred and Celia, 1989] . Moreover, it appears physically reasonable, based on the fact that only a finite amount of microbial biomass can accommodate in pore space [Kildsgaard and Engesgaard, 2001; Schäfer et al., 1998 ]. It has also been used in a macroscopic model to represent the portion of active biomass in a thick biofilm that is exposed to substrates [Prommer et al., 2002; Zysset et al., 1994] . While this practice may improve the performance of numerical schemes and be suitable for certain problems, applying this approach to model biodegradation at a plume fringe at steady state may limit the extent of the microbial reaction and lead to much larger transverse mixing zones.
[59] Under the conditions that the reaction zone is very thin or substrate concentration gradients are steep, common field sampling methods may not be able to provide adequate quantification, because it is difficult to eliminate mixing and homogenization for aqueous and solid samples. Although high microbial concentrations (over 100 mg/L) are seldom explicitly reported from field studies, extensive microbial growth has been observed where the mixing of ED and EA occurs at a certain region for a long time, e.g., bioclogging around the substrate injection wells. Recent laboratory studies also show that localized bioclogging occurs at the fringe of transverse mixing zones [Nambi et al., 2003; Thullner et al., 2002] . Nevertheless, bioclogging may occur only at the place very close to the source zone. Since the substrate fluxes into the reaction zone decrease as groundwater travels downstream, the reaction zone becomes wider and the level of microbial concentration decreases (equations (12) and (13)). As suggested by Rittmann [1993] , low substrate loading rates seem to favor the formation of discontinuous biofilm and colonization. Thus bioclogging effects on hydraulic conductivity are expected to be insignificant down gradient from the source zone.
[60] The importance of the dividing streamline to reactive transverse mixing has been emphasized by Cirpka et al. [1999b] . Our results show that the reaction zones may depart from the hydraulic dividing streamline due to asymmetrical features of the problems (Figures 9 and 12) , and the shift is controlled by the contact history of ED and EA and their relative abundance (Figure 10) . Nevertheless, for a highly asymmetrical case like the large-scale application above, the reaction zone only shifts a few meters after the plume has traveled 10 km. The concept of dividing streamlines is still useful to approximate the location of the microbial reaction zone.
Plume Migration
[61] As shown in Figure 12b , when the microbial reaction can be approximated as instantaneous at the large time limit, the spread of the concentrated plume transverse to the groundwater flow direction is small. Thus we may assume that the reaction occurs on the dividing streamlines ( Figure 11 ) and the oxygen flux into the plume is governed by equation (26). The migration length of the plume (zero concentration boundary) can be estimated by balancing the oxygen transfer rate into the organic plume and the organic discharge rate from the source:
where C D,0 is the initial organic concentration, L s is the width of the source zone, C A,0 is the ambient oxygen concentration in groundwater, and L is the plume migration length. After integration and some rearrangement, it yields
[62] Using the above equation and the parameters in Table 3 , the steady state plume is predicted to travel over 7.6 Â 10 5 kilometers, about twenty times the length of the Earth equator (4 Â 10 4 km). This results because as the plume travels away from the source zone, the oxygen mass transfer length increases and the oxygen transfer rate diminishes quickly (equation (26)). However, to attain such a steady state, the life of the source zone would need to exceed thousands of years. Actual plume growth over time is a function of the life of the source zone. While equation (31) may not be applied to a plume that has not attained a steady state, it points out what variables are important to the plume size and how they may affect it.
[63] Ham et al. [2004] presented an analytical solution to calculate steady state plume lengths with the assumptions of a point source with constant mass flow injection and an instantaneous reaction between an injected compound and a reactant in the ambient groundwater at the plume fringe. While equation (31) is obtained under the assumption of a finite line source that releases a target contaminant at constant rate (Figure 11 ), the mathematical expression of equation (31) resembles the zero-order solution by Ham et al. [2004] in two aspects: plume lengths are (1) proportional to F A C D;0 C A;0 2 and (2) inversely proportional to the transverse dispersion coefficient, indicating that these two factors are essential to assessing the extent of plume migration under reactive transverse mixing.
[64] It should be emphasized that equation (31) and the solutions obtained by Ham et al. [2004] apply only to the case where both ED and EA are required, not to the case when an organic compound can be degraded by methane fermentation. This point is particularly important in evaluating the applicability of our results.
[65] At times, rather than reduced organic compounds, other reduced compounds, such as soluble iron (Fe 2+ ), manganese (Mn 2+ ), sulfide, and methane, may be the primary products from a reaction barrier. Since these compounds cannot be further reduced, their oxidation requires transverse transfer of oxidants into the reducing plume. The approach developed here can also apply to this scenario.
[66] The plume length is sensitive to the ratio, which denotes the relative abundance of ED and EA in groundwater. For example, by decreasing C D,0 from 500 mg/L to 5 mg/L in our large-scale problem, the plume length reduces from 7.6 Â 10 5 km to 76 km. In real applications, other electron acceptors, such as nitrate from agriculture runoff [Thornton et al., 2001] and sulfate in groundwater [Prommer et al., 2002] , may also contribute to the degradation of organic compounds. To account for these additional EAs, one may convert all unit of mass of other EAs in terms of oxygen equivalents. Also, if conversion to methane is involved, this approach does not apply.
[67] The plume length is inversely proportional to the transverse dispersion coefficient of EA (D s,A ) and linearly proportional to flow velocity ( q n ). Recent laboratory experiments have found that the length of steady state reactive plumes is inversely proportional to the transverse dispersivity (/ a t À1 ) and linearly proportional to flow velocity [Olsson et al., 2003 [Olsson et al., , 2004 , consistent with equation (31). While the transverse dispersion coefficients found in laboratory experiments with homogeneous porous media are small and their magnitude is comparable to effective molecular diffusion [Huang et al., 2002] , transient flow has been found to promote additional mixing in the direction transverse to groundwater flow [Kinzelbach and Ackerer, 1986; Schirmer et al., 2001; Cirpka and Attinger, 2003] . The simulation study of bioreactive transport under Borden field transient flow conditions [Schirmer et al., 2001] suggests that for a moderate transient flow field in a homogeneous aquifer, the use of a higher transverse dispersion coefficient and an effective steady state flow field can adequately forecast plume development. The effective transverse dispersivity found in their study due to the transient flow is about 0.25 cm, a value five times larger than the dispersivity assumed in this study (Table 2) .
[68] For the case of our large-scale problem (Figure 11 ), as long as the source persists, the plume will elongate. The effective transverse dispersion, which accounts macroscopically for spatial and temporal variability of flow, can be quite significant and much larger than the laboratory-scale transverse dispersivity. Even if the transverse dispersion coefficient increases 100 times over the laboratory-scale values and C A,0 increases 10 times due to the presence of other EAs in groundwater, a 76 km long plume would still form. The point is that it is not realistic to expect the disappearance of such a TOC plume within a few hundred meters downstream due to reactions controlled by transverse mixing alone. In addition, the long, narrow, and meandering plume in the heterogeneous subsurface may not be accurately characterized in the field. This may complicate the analysis of its risk to likely receptors downstream.
Model Limitations
[69] Our analysis is only valid when the governing equations are met and the system is close to the steady state in a homogeneous steady field. Therefore it should not be used to interpret the behavior of plumes that are still under development. At times, a contaminant is destroyed by multistep processes performed by different types of bacteria. The coexistence of these bacteria in the subsurface is prerequisite to the use of our analysis. In our work, the microbial substrate utilization and growth kinetics are based on equations (3) and (4). In some cases, the toxic effects of substrates or the limited availability of other required nutrients may result in the deviations of the substrate utilization and microbial growth from equations (3) and (4). For these scenarios, our analysis may not apply. In addition, a true steady state may not exist in the field because of factors, such as seasonal fluctuation of ground-water flow field and time-dependent contaminant source strength. To analytically evaluate the effects of these factors on plume migration remains a challenge and deserves further research.
Conclusions
[70] The conventional methodology for studying bioreactive transport processes uses numerical simulations to solve complicated governing equations. However, at times, bioremediation and natural attenuation take place over a very long period of time and over a large area. For such problems, direct numerical simulations may be impossible to implement because of limited computational capacity. In this paper, useful functional relationships have been developed to help decide whether microbial reactions can be considered as instantaneous reactions at steady state for a representative bioreactive transport model. Using this approach, the governing equations under some conditions, especially for heavily contaminated source zone problems, can be greatly simplified, and the corresponding steady state solution can be efficiently solved.
[71] While this research provides a method to help evaluate the migration of a highly concentrated nonsorbing organic plume from a long-term contaminant source zone, several assumptions have been made, such as a steady flow field and a homogeneous aquifer, as well as requirement for ED and EA. Further research is needed to better understand solution behaviors in transient and heterogeneous flow fields, and how to deal with more complicated reaction kinetics, such as substrate and product inhibition. (equation (12)). ] (equation (13)). Y microbial yield coefficient.
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